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We propose a gravitational model which allows the independent dynamical behaviour of the torsion
and nonmetricity fields to be displayed in the framework of Metric-Affine gauge theory of gravity.
For this task, we derive a new exact black hole solution referred to this model which extends the role
of torsion of the main well-known exact solutions based on Weyl-Cartan geometry and constitutes
the first known isolated gravitational system characterized by a metric tensor with independent spin
and dilation charges.
I. INTRODUCTION
General Relativity (GR) is one of the most successful and accurate theories in Physics, describing gravity as a
geometrical property of the space-time. The gravitational interaction is then characterized by a metric tensor and
a symmetric metric-compatible affine connection, which are successfully described under the projective invariance of
the Einstein-Hilbert action [1, 2]. In this standard formulation, the metric tensor turns out to be the only dynamical
variable and the gravitational field is fully ascribed to the curvature tensor of Riemannian geometry. Nevertheless,
the introduction of a general affine connection composed by additional pieces, namely the torsion and nonmetricity
tensors, can be appropriately considered to provide equivalent formulations of the gravitational phenomena in the
framework of post-Riemannian geometry [3].
Despite the success of these representations, there are still many theoretical and observational questions such as
the nature of the dark components of the universe, the renormalization of the quantum regime or the problem of
singularities. One possible route to try to tackle these issues is to extend the role of the geometric structure present in
the theoretical framework towards a full post-Riemannian description of gravity with dynamical metric, torsion and
nonmetricity tensors. Such an extension can be related to the existence of a new fundamental symmetry in nature
by applying the gauge principles not only to the external rotations and translations but also to the scale and shear
transformations, which leads to the formulation of the Metric-Affine Gauge theory of gravity (MAG) [4].
Accordingly, a gauge invariant Lagrangian can be constructed from the generalized field strength tensors of this
framework to introduce the dynamical aspects of the gravitational field, in such a way that the propagating role of
torsion and nonmetricity can be only provided by higher order corrections in the curvature tensor, even in the absence
of matter fields. The distinct restrictions on the Lagrangian coefficients lead to a large class of gravitational models
where an extensive number of fundamental differences may arise. This fact evinces that the search and analysis of
exact solutions are essential to improve the understanding and the physical implications of the dynamics provided
by MAG. In this sense, the well-known classes of exact black hole solutions present in MAG are characterized by
nontrivial torsion and nonmetricity tensors constrained by common restrictions, such as the so-called triplet ansatz
or other similar assumptions obtained by prolongation techniques [5–16]. Thereby, the resulting geometry induced by
these fields only embodies a common feature and does not show a full dynamical correspondence between the metric,
the coframe and the corresponding independent post-Riemannian structures present in the connection.
In the present work, we apply an extension of the gravitational models with dynamical torsion recently proposed
in [17, 18], in order to obtain a nontrivial configuration with independent dynamical torsion and nonmetricity fields
in the realm of the Weyl-Cartan geometry provided by MAG. For this task, we organise this paper as follows. In
Sec. II, we give a brief overview about MAG and the general features provided by an independent affine connection.
In Sec. III, we define a viable gravitational action with higher order corrections containing both dynamical torsion
and nonmetricity fields. In addition, we also derive the field equations for this model and show that it encompasses
its proper weak-field limit in the torsion and nonmetricity tensors. Sec. IV is devoted to the study of the static
and spherically symmetric case. Then we show how the dynamical contributions of torsion and nonmetricity can be
decomposed in a regular way under appropriate consistency constraints. Such a decomposition certainly simplifies
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2the complexity of the highly nonlinear character of the field equations and allows us to solve these equations in a
systematic way. The resulting exact black hole solution shows a Reissner-Nordstro¨m-like geometry and carries both
spin and dilation charges. Finally, we present the conclusions of our work in Sec. V.
We work in the natural units c = G = 1 with the metric signature (+,−,−,−). Quantities denoted with a tilde
on top denote that they are computed with respect to a generic connection whereas quantities without a tilde denote
that they are computed with respect to the Levi-Civita connection (see Table I for a detail list of our notational
conventions). Finally, Latin and Greek indices refer to anholonomic and coordinate basis, respectively.
II. METRIC-AFFINE GRAVITY WITH TORSION AND NONMETRICITY
From a geometrical point of view, the standard framework of GR can be consistently formulated as a particular
case of a more general class of metric-affine theories, where the geometry of the space-time is described by a metric,
a coframe and an independent linear connection [4]. Accordingly, the affine connection encodes additional post-
Riemannian degrees of freedom, which indeed represent the torsion and nonmetricity deformations of an affinely
connected metric space-time:
T λ µν = 2Γ˜
λ
[µν] , (1)
Qλµν = ∇˜λgµν . (2)
The components of the affine connection can then be split into independent pieces as follows:
Γ˜λ µν = Γ
λ
µν +K
λ
µν + L
λ
µν , (3)
where Kλ µν is a metric-compatible contortion tensor containing torsion and L
λ
µν a disformation tensor depending
on nonmetricity:
Kλ µν =
1
2
(
T λ µν − Tµ λ ν − Tν λ µ
)
, (4)
Lλ µν =
1
2
(
Qλ µν −Qµ λ ν −Qν λ µ
)
. (5)
The resulting geometric structure is then provided by a metric tensor and an asymmetric affine connection which
in general does not preserve the lengths and angles of vectors under parallel transport. Thus, such a connection
introduces modifications in the covariant derivative which indeed involves a change on its commutation relations
when considering an arbitrary vector vλ:
[∇˜µ, ∇˜ν ] vλ = R˜λ ρµν vρ + T ρ µν ∇˜ρvλ , (6)
where the corresponding curvature tensor acquires the following form:
R˜λ ρµν = ∂µΓ˜
λ
ρν − ∂ν Γ˜λ ρµ + Γ˜λ σµΓ˜σ ρν − Γ˜λ σνΓ˜σ ρµ . (7)
Furthermore, the inclusion of nonmetricity into the geometrical framework allows the definition of two different
traces of the curvature tensor, namely the Ricci and co-Ricci tensors1:
R˜µν = R˜
λ
µλν , (8)
Rˆµν = R˜µ
λ
νλ , (9)
whereas a homothetic component R˜λ λµν depending on the trace part of nonmetricity can be also defined to encode
the change of lengths provided by this quantity.
A gauge approach to gravity arises naturally when the unitary irreducible representations of relativistic particles
labeled by their spin and mass are linked to the geometry of the space-time. Then, a gauge connection of the Poincare´
1 Note that the trace of the Ricci and co-Ricci tensors provides a unique independent scalar curvature.
3group ISO(1, 3) can be introduced to describe the gravitational field as a gauge field of the external rotations and
translations [19]. Thereby not only an energy-momentum tensor of matter arises from this approach, but also a
nontrivial spin density tensor which operates as source of torsion, providing an extended correspondence between the
geometry of the space-time and the properties of matter.
Nevertheless, such a connection only represents the metric-compatible part of a general linear connection, which
means that the gauge formalism can be generalized in terms of the affine group defined by the semidirect product of
the translation group R4 and the general affine group GL(4, R), in order to include additional intrinsic properties of
matter into the geometrical scheme [4, 20]. In this case, the resulting hypermomentum current also includes dilation
and shear currents related to the trace and traceless parts of the nonmetricity tensor, respectively [21]:
Qλµν = gµνWλ +րQλµν , (10)
where Wλ is the so-called Weyl vector. By taking into account the usual relations of the generators Pa and La
b of
the GL(4, R) group:
[Pa, Pb] = 0 , (11)[
La
b, Pc
]
= i δb c Pa , (12)[
La
b, Lc
d
]
= i
(
δb c La
d − δa d Lc b
)
, (13)
it is possible to obtain the following gauge curvatures from the anholonomic metric, coframe and connection:
Gabµ = ∂µgab − gac ωc bµ − gbc ωc aµ , (14)
F a µν = ∂µe
a
ν − ∂νea µ + ωa bµ eb ν − ωa bν eb µ , (15)
F a bµν = ∂µω
a
bν − ∂νωa bµ + ωa cµ ωc b ν − ωa cν ωc bµ . (16)
These quantities characterize the properties of the gravitational interaction, which are potentially modified by the
presence of torsion and nonmetricity in the framework of MAG. In particular, they are related to the nonmetricity,
torsion and curvature tensors as follows:
Gabµ = gacgbde
cλedρQµλρ, (17)
F a µν = e
a
λT
λ
νµ , (18)
F a bµν = gbc e
a
λe
cρR˜λ ρµν . (19)
The structure of the GL(4, R) group then allows the definition of a large number of scalar invariants depending
on the aforementioned tensors, in such a way that the introduction of higher order curvature corrections into the
gravitational action generally involves a dynamical regime, even in the absence of matter fields.
III. GRAVITATIONAL ACTION AND FIELD EQUATIONS
As mentioned above, the propagating character of torsion and nonmetricity demands the presence of higher order
curvature terms in the gravitational action. By contrast, the Einstein-Hilbert Lagrangian defined by the scalar
curvature is sufficient to provide the dynamics of the gravitational aspects based on the metric curvature of GR.
Hence a minimal extension of GR can be achieved to incorporate the propagation of torsion and nonmetricity by
considering a MAG model in a background given by the proper GR framework (i.e. the GR framework is completely
recovered when the dynamical character of the torsion and nonmetricity fields vanishes). In that case, we consider
the following minimal extension for the curvature densities of the corresponding gravitational action to encompass
such a limit:
R˜λρµν R˜
λρµν → 1
2
R˜λρµν
(
R˜λρµν − R˜ρλµν
)
, (20)
R˜λρµν R˜
λµρν → 1
4
R˜λρµν
(
R˜λµρν + R˜µρλν − 2R˜µλρν
)
, (21)
R˜[µν]R˜
[µν] → 1
2
(
R˜[µν]R˜
[µν] + Rˆ[µν]Rˆ
[µν]
)
. (22)
Thereby, each one of these correspondences becomes an equivalence in the absence of nonmetricity and the cor-
responding independent invariants are appropriately recovered in the gravitational action with dynamical torsion
4[17, 18]. Furthermore, in the realm of Weyl-Cartan geometry, such a minimal extension also allows the quantities
R˜ρλµν R˜
µλρν + 2R˜λρµνR˜
µλρν + R˜λρµνR˜
λµρν and R˜λρµνR˜
(λρ)µν to be introduced into the gravitational scheme as non-
trivial curvature corrections provided by nonmetricity. Nevertheless, the latter can be equivalently expressed in terms
of the square of the homothetic curvature, as can be noticed by the Bianchi identity related to the nonmetricity tensor:
R˜(λρ) µν = ∇˜[νQµ] λρ +
1
2
T σ µνQσ
λρ , (23)
which is reduced to the following relation when the nonmetricity tensor is expressed in terms of the Weyl vector:
R˜(λρ) µν = g
λρ∇[νWµ] =
1
4
gλρR˜σ σµν . (24)
On the other hand, for the rest of torsion and nonmetricity densities, we can deal with a nontrivial quadratic
correction in the axial component of torsion, in order to recover the respective limits with vanishing dynamical
torsion or nonmetricity [5, 18]. Then, the gravitational action for such a minimal extension is written as follows:
S =
∫
d4x
√−g
{
Lm + 1
16π
[
−R˜+ a1TλµνT λµν + a2TλµνT µλν + a3T λ λν
(
T µ µ
ν +Qνµ µ −Qµν µ
)
+(2a1 + a2)TλµνQ
νλµ + b1Q
νλ
λQν
µ
µ + b2QλµνQ
µλν + e1R˜
λ
λµνR˜
ρ
ρ
µν
+ c1R˜λρµν
(
R˜[λρ]µν − R˜[µν]λρ
)
+ c2R˜λρµν
(
R˜λµρν − 1
2
R˜µνλρ
)
+ d1
(
R˜[µν]R˜
[µν] + Rˆ[µν]Rˆ
[µν]
)
+
1
2
R˜λρµν
(
(4e2 − 3c2) R˜(λµ)ρν + (4e2 + c2) R˜µ(λρ)ν
)]}
, (25)
where a3 = 8b1 = −2b2 = −1, a1 = (1/2) (1− a2) and Lm represents the matter Lagrangian.
The geometric corrections are accordingly mediated by both torsion and nonmetricity fields, which in fact yield a
nonvanishing metric curvature described in a first approximation by Einstein’s model. The corresponding independent
field equations can be obtained by performing variations with respect to the gauge potentials2, ea µ and ω
a
bµ, acquiring
the following form in Weyl-Cartan geometry:
16πθµ
ν = 2Gµ
ν + 16πL˜ δµ ν + 3 (1− 2a2)
(
gµρ∇λT [λνρ] +KλρµT [λνρ]
)
− 4e1R˜λ λσµR˜ρ ρ σν
+R˜λρσµ
[
4c1
(
R˜[λρ]νσ − R˜[νσ]λρ
)
+ 4e2
(
R˜(ρν)λσ − R˜(λσ)ρν + R˜(λν)ρσ − R˜(ρσ)λν
)
+c2
(
R˜[λν]ρσ + R˜[ρσ]λν + R˜[ρν]σλ + R˜[σλ]ρν + 2R˜[σν]λρ
)]
+2d1
(
R˜ν λρµR˜
[λρ] + R˜λ
ν
µρRˆ
[λρ] + R˜λµR˜
[νλ] + RˆλµRˆ
[νλ]
)
, (26)
16π△λµν = 2d1
[
∇ρ
(
gµνR˜[λρ] − gλνRˆ[µρ] + gλρRˆ[µν] − gµρR˜[λν]
)
+
(
Kρµ ρ + L
ρµ
ρ
)
R˜[λν] −
(
Kρλ ρ + L
ρλ
ρ
)
Rˆ[µν]
+
(
Kνλ ρ + L
νλ
ρ
)
Rˆ[µρ] −
(
Kνµ ρ + L
νµ
ρ
)
R˜[λρ] +
(
Kµ ρ
λ + Lµ ρ
λ
)
Rˆ[ρν] −
(
Kλ ρ
µ + Lλ ρ
µ
)
R˜[ρν]
]
+
(
∇ρ +Wρ
)[
4c1
(
R˜[λµ]ρν − R˜[ρν]λµ
)
+ c2
(
R˜[µν]λρ − R˜[λν]µρ + R˜[λρ]µν − R˜[µρ]λν − 2R˜[ρν]λµ
)
+4e2
(
R˜(µν)λρ − R˜(λρ)µν + R˜(νλ)µρ − R˜(ρµ)λν
)]
− 4e1gλµ∇ρR˜σ σρν − 3 (1− 2a2) T [λµν]
+
(
Kλ σρ + L
λ
σρ
)[
4c1
(
R˜[σµ]ρν − R˜[ρν]σµ
)
+ c2
(
R˜[µν]σρ − R˜[σν]µρ + R˜[σρ]µν − R˜[µρ]σν − 2R˜[ρν]σµ
)
+4e2
(
R˜(µν)σρ − R˜(σρ)µν + R˜(νσ)µρ − R˜(ρµ)σν
)
+ 2d1g
µνR˜[σρ]
]
+
(
Kµ σρ + L
µ
σρ
)[
4c1
(
R˜[λσ]ρν − R˜[ρν]λσ
)
+ c2
(
R˜[σν]λρ − R˜[λν]σρ + R˜[ρσ]λν − R˜[ρλ]σν − 2R˜[ρν]λσ
)
+4e2
(
R˜(σν)λρ − R˜(λρ)σν + R˜(νλ)σρ − R˜(σρ)λν
)
− 2d1gλνRˆ[σρ]
]
, (27)
2 Note that the variation with respect to the metric gauge potential does not provide an additional independent equation in MAG [4].
5where L˜ represents the Lagrangian density composed by the quadratic order corrections, and the quantities θµ ν and
△λµν describe the canonical energy-momentum and hypermomentum density tensors of matter, respectively:
θµ
ν =
ea µ√−g
δ (Lm
√−g)
δea ν
, (28)
△λµν = e
aλeb
µ
√−g
δ (Lm
√−g)
δωa bν
. (29)
As can be seen from the Eq (25), the propagation of torsion and nonmetricity is carried out by the antisymmetrized
and homothetic parts of the curvature tensor, related to the components R˜λ [µνρ], R˜[µν] and R˜
λ
λµν . Indeed, this
expression can be equivalently written in terms of the mentioned pieces as follows3:
S =
∫
d4x
√−g
{
Lm + 1
64π
[
−4R+ 3 (6c1 + c2) R˜λ[ρµν]R˜λ[ρµν] + 9 (2c1 + c2) R˜λ[ρµν]R˜µ[λνρ]
+8 d1R˜[µν]R˜
[µν] +
1
4
(16e1 + 4e2 + 4d1 − 12c1 − 3c2) R˜λ λµνR˜ρ ρ µν
+2 (4c1 + c2 − 2d1) R˜[µν]R˜λ λ µν + 3 (1− 2a2)T[λµν]T [λµν]
]}
, (30)
where the antisymmetrized part of curvature also satisfies its proper Bianchi identity:
R˜λ [µνρ] + ∇˜[µT λ νρ] + T σ [µν T λ ρ]σ = 0 . (31)
Hence, these quantities act as field strength tensors described by the deviation from the Bianchi identities of GR
in the presence of torsion and nonmetricity. Furthermore, the model also encompasses the weak-field limit for the
torsion and nonmetricity tensors involving the traces of these deviations. By applying a linear approximation on the
traces of the Eq. (27), the following relations between these geometric tensors and the matter currents are obtained,
(4c1 + c2 + 2d1)
(
∇ρR˜λ λ ρµ + 2
(∇ρ∇λT λρµ +∇ρ∇ρT λµ λ −∇ρ∇µT λρ λ)) = 16π (△λ µλ −△µ λ λ) , (32)
(d1 + 2e1 + 2e2)∇ρR˜λ λ ρµ = − 4π
(△λ µλ +△µ λ λ) . (33)
The resulting matter density with intrinsic hypermomentum can be consistently related to the generalised Frenkel
condition in the classical regime [22], which allows us to express the weak-field limit of torsion and nonmetricity in
the following way
∇ρ∇λT λρ µ +∇ρ∇ρT λ µλ −∇ρ∇µT λρ λ = 0 , (34)
∇µR˜λ λ µν = 0 , (35)
with 4c1 + c2 + 2d1 6= 0 and d1 + 2e1 + 2e2 6= 0. It is worthwhile to rewrite Eq. (34) in terms of the irreducible parts
of torsion, giving us4
T λ µν =
1
3
(
δλ νTµ − δλ µTν
)
+
1
6
ελ ρµνS
ρ + tλ µν , (36)
since it only contains contributions from the vector and tensor parts, as shown below,
∇µ∇[µT ν] + 3
4
∇µ∇λtλµν = 0 . (37)
Therefore, the proposed model is characterized by three consistent limits: the weak-field regime for the torsion
and nonmetricity tensors described by the expressions above, and the proper background of GR for the Riemannian
structure.
3 In order to obtain the Expression (30), we use the identity R˜ = R− 2∇µT νµ ν +∇µQµ ν ν −∇µQν ν µ + 14TλµνTλµν + 12TλµνTµλν −
Tλ λνT
µ
µ
ν − Tλ λνQνµ µ + Tλ λνQµν µ + TλµνQνλµ − 18Qνλ λQν µ µ + 12QλµνQµλν , which allows us to rewrite the first terms of the
Expression (25) as the Einstein-Hilbert Lagrangian and an additional factor which acts as a total derivative in the gravitational action.
4 Note that ελρµν =
√−ggλσǫσρµν is the Levi-Civita tensor and ǫσρµν the Levi-Civita symbol.
6IV. SPHERICAL SYMMETRY IN METRIC-AFFINE GRAVITY
A. Distribution of the solutions and consistency constraints
In virtue of the highly nonlinear character of the field equations of MAG, additional symmetry constraints must be
imposed to find nontrivial solutions, as the presence of a static and spherically symmetric space-time, which can be
described by the line element
ds2 = Ψ1(r) dt
2 − dr
2
Ψ2(r)
− r2 (dθ21 + sin θ21dθ22) , (38)
where Ψ1(r) and Ψ2(r) are positive functions of the radial coordinate. The tetrad fields can then be written in the
orthonormal gauge as follows
eaµ = diag
(√
Ψ1(r),
1√
Ψ2(r)
, r, r sin θ1
)
. (39)
The invariance of the curvature tensor requires then not only the same type of invariance for the metric tensor but
also for the torsion and nonmetricity tensors (i.e. the Lie derivative of torsion and nonmetricity in the direction of the
Killing vector ξ fulfills the condition LξT λµν = LξQλµν = 0), which provides the following structure in a spherically
symmetric space-time [23]:
T t tr = a(r) , (40)
T r tr = b(r) , (41)
T θk tθk = c(r) , (42)
T θk rθk = g(r) , (43)
T θk tθl = e
aθk eb θl ǫab d(r) , (44)
T θk rθl = e
aθk eb θl ǫab h(r) , (45)
T t θkθl = ǫkl k(r) sin θ1 , (46)
T r θkθl = ǫkl l(r) sin θ1 , (47)
Wλ = (w1(r), w2(r), 0, 0) , (48)
where ǫkl is the Levi-Civita symbol in two dimensions. Thus, we must deal with eight arbitrary functions a, b, c, g, d, h, k
and l of the radial coordinate for torsion and two additional functions w1 and w2 depending on the same coordinate
for nonmetricity. This means that the problem of solving the field equations (26) and (27) turns out to be still very
complicated and additional restrictions are required for this task. Furthermore, it is a well-known fact that nontrivial
solutions with free functions (i.e. not totally determined by the variational equations) may arise in some MAG models
[11, 24–26]. In the present case, the distribution of the solutions can be split into propagating or non-propagating
classes. The latter is characterized by pure gauge configurations with vanishing or degenerate field strength tensors,
which indeed reduce the general structure of the Eq. (30). This allows us to express the nontrivial antisymmetrized
part of the curvature tensor as a general sum of a degenerate homothetic curvature and an independent dynamical
component:
R˜λ [µνρ] = R˚
λ
[µνρ] + R¯
λ
[µνρ] , (49)
where R˚λ [µνρ] = αR˜
σ
σ[µνδρ]
λ and α is a constant. Thereby, we expect to obtain dynamical contributions to the field
equations for nontrivial expressions of these parts. Following the discussion above, let us consider the subsequent
decomposition for the irreducible parts of the torsion tensor:
Tµ = T˚µ + T¯µ ,
Sµ = S˚µ + S¯µ ,
tλµν = t˚λµν + t¯λµν , (50)
with t˚λ µλ = t¯
λ
µλ = εσλµν t˚
λµν = εσλµν t¯
λµν = 0, in such a way that the quantities denoted with a circle describe
non-propagating modes with a vanishing field strength tensor and/or a redundant homothetic component for α 6= 0,
whereas the rest of the quantities with a bar may provide dynamical effects in the interaction.
7In general, even the class of solutions associated with these non-propagating modes can by characterized by a
singular behaviour. In this sense, it is possible to bypass this class of singular non-propagating solutions by analysing
the torsion tensor referred to the rotated basis ϑa = Λa be
b given by the following vector fields
ϑtˆ =
1
2
{[√
Ψ1Ψ2 + 1
]
dt+
[
1− 1√
Ψ1Ψ2
]
dr
}
, (51)
ϑrˆ =
1
2
{[√
Ψ1Ψ2 − 1
]
dt+
[
1 +
1√
Ψ1Ψ2
]
dr
}
, (52)
ϑθˆ1 = r dθ1 , (53)
ϑθˆ2 = r sin θ1 dθ2 . (54)
Note that for simplicity, we omitted the radial dependence in the functions. Then, we can write the torsion tensor in
this orthogonal coframe as follows,
F tˆ tˆrˆ =
Ψ2
2Ψ1
{[
1 +
√
Ψ1Ψ2
]
a+
[
1− 1√
Ψ1Ψ2
]
b
}
, (55)
F rˆ tˆrˆ =
Ψ2
2Ψ1
{[
1 +
1√
Ψ1Ψ2
]
b−
[
1−
√
Ψ1Ψ2
]
a
}
, (56)
F θˆ1
tˆθˆ1
= F θˆ2
tˆθˆ2
=
1
2
√
Ψ2
Ψ1
{[
1 +
1√
Ψ1Ψ2
]
c+
[
1−
√
Ψ1Ψ2
]
g
}
, (57)
F θˆ1
rˆθˆ1
= F θˆ2
rˆθˆ2
=
1
2
√
Ψ2
Ψ1
{[
1 +
√
Ψ1Ψ2
]
g −
[
1− 1√
Ψ1Ψ2
]
c
}
, (58)
F θˆ2
tˆθˆ1
= −F θˆ1
tˆθˆ2
=
1
2
√
Ψ2
Ψ1
{[
1 +
1√
Ψ1Ψ2
]
d+
[
1−
√
Ψ1Ψ2
]
h
}
, (59)
F θˆ2
rˆθˆ1
= −F θˆ1
rˆθˆ2
=
1
2
√
Ψ2
Ψ1
{[
1 +
√
Ψ1Ψ2
]
h−
[
1− 1√
Ψ1Ψ2
]
d
}
, (60)
F tˆ
θˆ1θˆ2
=
1
2r2
{[
1 +
√
Ψ1Ψ2
]
k +
[
1− 1√
Ψ1Ψ2
]
l
}
, (61)
F rˆ
θˆ1θˆ2
=
1
2r2
{[
1 +
1√
Ψ1Ψ2
]
l −
[
1−
√
Ψ1Ψ2
]
k
}
. (62)
These components clearly show a potential singular behaviour in the roots of the metric functions Ψ1(r) and Ψ2(r),
which may be induced in the scalar invariants constructed from torsion. Thus, we only consider a class of well-defined
regular solutions (excluding the point r = 0) provided by the following relations:
b(r) = a(r)
√
Ψ1(r)Ψ2(r) , c(r) = − g(r)
√
Ψ1(r)Ψ2(r) ,
d(r) = − h(r)
√
Ψ1(r)Ψ2(r) , l(r) = k(r)
√
Ψ1(r)Ψ2(r) . (63)
Note that this regularity is also highlighted with the vanishing of the torsion invariants, as other well-known exact
vacuum solutions with dynamical torsion [27]. On the other hand, the occurrence of unavoidable singularities can be
established under appropriate energy conditions [28, 29].
The same reasoning can be applied for nonmetricity, obtaining the following relation for the components of the
Weyl vector:
w1(r) = −w2(r)
√
Ψ1(r)Ψ2(r) . (64)
A direct calculation over the weak-field limit provided by Eqs. (34) and (35) allows us to obtain the solution for
this vector and an additional constraint for the torsion components5:
w1(r) = − κd
∫ √
Ψ1(r)
Ψ2(r)
dr
r2
, (65)
5 The prime symbol denotes differentiation with respect to the radial coordinate.
8b(r) = rc ′(r) + c(r) +
p
r
√
Ψ1(r)
Ψ2(r)
, (66)
where κd represents the dilation charge and p is an additional integration constant, which indeed can be related to
the previous quantity, as shown below.
The relevance of the relations (63)-(66) is remarkable since they directly show the same type of decomposition
(49) for the antisymmetrized part of the curvature tensor when p = κd/2. In this case, the antisymmetrized part of
the curvature tensor is expressed as the sum of a non-propagating component which indeed is proportional to the
homothetic curvature and a general contribution which can propagate axial and tensor modes6,
R˜λ [µνρ] = R˚
λ
1 [µνρ] + R˜
λ
2 [µνρ] , (67)
where
R˚λ1 [µνρ] :=
2
3
δλ [µ∇ρT˚ν] +∇[µ t˚λ1 ρν] =
1
4
R˜σ σ[µνδρ]
λ , (68)
R˜λ2 [µνρ] :=
1
6
ελ σ[ρν∇µ]Sσ +∇[µtλ2 ρν] −
1
18
εσµνρT˚
λSσ +
1
4
ελ ωσ[ρ˚t
σ
1 µν]S
ω
+
1
18
ελ ω[ρν T˚µ]S
ω +
1
3
εσ ω[µν t˚
λ
1 ρ]σS
ω + t˚σ1 [µνt
λ
2 ρ]σ + t
σ
2 [µν t˚
λ
1 ρ]σ
+
1
3
T˚[νt
λ
2 µρ] +
1
12
εσµνρW
λSσ +
1
12
ελ σ[µνWρ]S
σ +
1
2
W[ρt
λ
2 µν] . (69)
In this case, the vector part of the torsion tensor is completely described by the following components
T˚r = − κdΨ1 − 6rgΨ1Ψ2 − r
2gΨ1Ψ
′
2 − r2gΨ2Ψ′1 − 2r2Ψ1Ψ2g′
2rΨ1Ψ2
, (70)
T˚t = − T˚r
√
Ψ1Ψ2 , (71)
whereas the tensor part can be split as tλ µν = t˚
λ
1 µν + t
λ
2 µν , with t
λ
2 µν = t˚
λ
2 µν + t¯
λ
µν . Hence, this part has at least
the following non-propagating components
t˚ t1 tr =
κdΨ1 − r2gΨ1Ψ′2 − r2gΨ2Ψ′1 − 2r2Ψ1Ψ2g′
3rΨ1Ψ2
, (72)
t˚ r1 tr = − 2˚t θ11 tθ1 = − 2˚t θ21 tθ2 = 2˚t θ11 rθ1
√
Ψ1Ψ2 = 2˚t
θ2
1 rθ2
√
Ψ1Ψ2 = t˚
t
1 tr
√
Ψ1Ψ2 . (73)
On the other hand, the second contribution of the antisymmetrized part of the curvature tensor constitutes a general
piece associated with the following axial components
Sr = − 2
r2
√
Ψ2
(
k
√
Ψ1 + 2r
2h
√
Ψ2
)
, (74)
St = −Sr
√
Ψ1Ψ2 , (75)
as well as with the following tensor ones,
t θ22 tθ1 =
√
Ψ1
3r2 sin θ1
(
k
√
Ψ1 − r2h
√
Ψ2
)
, (76)
t θ12 tθ2 = − t θ22 tθ1 sin2 θ1 = − t θ12 rθ2
√
Ψ1Ψ2 = t
θ2
2 rθ1
√
Ψ1Ψ2 sin
2 θ1 , (77)
t r2 θ1θ2 = 2r
2t θ12 rθ2Ψ2 = t
t
2 θ1θ2
√
Ψ1Ψ2 . (78)
All these parts and the torsion tensor itself satisfy the following orthogonal properties in the present case:
δλ [ρ˚t
σ
µν]T˚σ = δ
λ
[ρt
σ
2 µν]T˚σ = T˚[µ˚t
λ
ρν] = T˚[µt˚ρν]
λ = 0 , (79)
6 Note that these expressions are obtained in the spherically symmetric case, which means that additional terms are expected to arise in
more general cases (e.g. in the presence of an axisymmetric space-time).
9ελρµν T˚
µSν = εσω[µν t˚ρ]
σλSω = εσω[µνt2ρ]
σλSω = 0 , (80)
t˚σ [µν t˚ρ]σ
λ = tσ2 [µνt2ρ]σ
λ = t˚σ [µν t˚
λ
ρ]σ = t
σ
2 [µνt
λ
2ρ]σ = 0 , (81)
δλ [ρT
σ
µν]Wσ = δ
λ
[ρWµT˚ν] = W[ρ t˚
λ
µν] = 0 , (82)
εσρµν T˚
λSσ = − 3 ελ σ[ρµT˚ν]Sσ , (83)
Tσ
λ
[ρT
σ
µν] = 0 . (84)
Accordingly, the vector mode of torsion is fully constrained by the Eq. (68) and the dynamical character of torsion
is governed by the corresponding parts S¯µ and t¯
λ
µν contained in R˜
λ
2 [µνρ] (i.e. T¯µ = 0). In any case, the above
relations do not set the values of the remaining parts S˚µ and t˚
λ
2 µν , so they must be certainly obtained by the field
equations (26) and (27). This means that in general, it is also possible to find nontrivial solutions related to a non-
propagating component R˚λ2 [µνρ] depending on these parts. On the other hand, the absence of a propagating vector
mode for torsion in the dynamical regime involves that the weak-field limit (37) in that case is reduced to the following
constraint involving the tensor mode,
∇µ∇λtλµν2 = 0 , (85)
which is satisfied by the respective components of the Eqs. (76)-(78), as expected. Furthermore, the total antisym-
metric part of the Ricci tensor also fulfills
∇µR˜[µν] = 0 . (86)
This means that the dynamical contribution provided by this part of the Ricci tensor can be equivalently described
by the weak-field limit (85) in the present case.
B. Exact black hole solutions
We have seen how the weak-field limit described by Eqs. (34) and (35), as well as the consistency constraints
(63) and (64), allow the dynamical contributions of torsion and nonmetricity to be decomposed in a regular way. In
addition, in the absence of matter fields, we also know that the static and spherically symmetric vacuum configuration
with dynamical torsion related to the gravitational action (30) requires the condition c2 = 2c1 = − d1/2 under these
consistency constraints [17, 18]. In fact, this particular combination of the Lagrangian coefficients allows the dynamical
kinetic terms of that case to be written in the following simplified regular form,
Skin =
d1
32π
∫
d4x
√−g
(
1
9
∂µS¯ν
(
∂µS¯ν − ∂ν S¯µ)+ ∂λ t¯λ µν∂ρt¯ρµν + 3 ∂ρt¯λµν (∂ρt¯µνλ − ∂µt¯λνρ)
)
. (87)
By taking into account the compatibility of such a vacuum structure with the energy-momentum tensor provided
by Coulomb electric and magnetic charges, the condition Ψ1(r) = Ψ2(r) ≡ Ψ(r) must also be fulfilled in order to
satisfy the Maxwell’s equations of the electromagnetic field. This equivalence allows the integration of the Eq. (65),
which gives rise to the Coulomb potential of the Tresguerres solution for the dilation charge [5]:
w1(r) =
κd
r
. (88)
Furthermore, the symmetric component in the indices λ and µ of the field equation (27) is also trivially reduced
to the constraint e2 = − d1/2, which places the constants d1, e1 and 1 − 2a2 as the three independent Lagrangian
coefficients of the model. The antisymmetric components of (27) with λ = r, µ = ν = t and λ = t, µ = ν = θ1, as well
as the symmetric one with µ = t and ν = r of (26) provide then the following system of independent equations for
the functions h(r) and k(r):
0 = k (rΨ′h+ rΨh′ + 3hΨ) , (89)
0 = 2r4hΨh′ + 2r4h2Ψ′ + 3r2kΨh′ + 5r2khΨ′ + rkhΨ − 2k2Ψ′ − 2kΨk′ + 2r2hΨk′ + 2r3h2Ψ , (90)
0 = 2r3h2Ψ2 − k2ΨΨ′ − r2khΨΨ′ − r3khΨ′2 − r3kΨh′Ψ′ − r2hΨ2k′ + 2rkhΨ2 − kΨ2k′ + 2r4hΨ2h′
+2r4h2ΨΨ′ − r3Ψ2k′h′ − r3hΨΨ′k′ . (91)
The above system of equations have as unique solutions either k(r) = 0, h(r) = − κs/(rΨ(r)) or h(r) = 0, k(r) =
β/Ψ(r), where κs and β are integration constants. Nevertheless, the latter gives rise to a nontrivial solution of the
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remaining field equations characterized by a vanishing component R˜λ2 [µνρ] of the field strength tensor (i.e. S¯µ =
t¯λ µν = 0), which means that k(r) = 0 and h(r) = − κs/(rΨ(r)) in the dynamical case, in such a way that κs
represents the spin charge of the gravitational system.
Therefore, the component with λ = θ1, µ = θ2 and ν = t of the Eq. (27) trivially allows us to isolate the last
function of the torsion tensor as follows
g(r) = − 1
2r
− wr
2Ψ(r)
− κd
2rΨ(r)
, (92)
with w = (1− 2a2) /d1. Finally, Eq. (26) is reduced to the following independent equation depending on the metric
function
r2 − r2Ψ(r)− r3Ψ′(r) = d1κ2s − 4e2κ2d , (93)
which has as solution, the Reissner-Nordstro¨m metric
Ψ(r) = 1− 2m
r
+
d1κ
2
s − 4e1κ2d
r2
. (94)
In summary, the new exact black hole solution related to the gravitational action (30) in the absence of matter
fields is described by the following expressions:
a(r) =
Ψ′(r)
2Ψ(r)
+
wr
Ψ(r)
+
κd
2rΨ(r)
, b(r) =
Ψ′(r)
2
+ wr +
κd
2r
,
c(r) =
Ψ(r)
2r
+
wr
2
+
κd
2r
, g(r) = − 1
2r
− wr
2Ψ(r)
− κd
2rΨ(r)
,
d(r) =
κs
r
, h(r) = − κs
rΨ(r)
, k(r) = l(r) = 0 , (95)
w1(r) =
κd
r
, w2(r) = − κd
rΨ(r)
,
Ψ(r) = 1− 2m
r
+
d1κ
2
s − 4e1κ2d
r2
,
with
c2 = 2c1 = e1 = − d1
2
, w =
(1− 2a2)
d1
. (96)
As can be seen, the solution describes a Reissner-Nordstro¨m type of geometry provided by both spin and dilation
charges, in virtue of the fundamental relation of torsion and nonmetricity with their spinning and dilational sources.
Indeed, the dynamical components of torsion and nonmetricity act as Coulomb-like potentials depending on κs and
κd, which are consistently induced in the gravitational scheme by the following field strength tensors of the interaction
R˜σ σµν = 4∇[νWµ] , (97)
R˜λ [µνρ] =
1
4
R˜σ σ[µνδρ]
λ + R¯λ [µνρ] , (98)
R˜[µν] =
1
4
R˜σ σµν + R¯[µν] , (99)
R¯λ [µνρ] =
1
6
ελ σ[ρν∇µ]S¯σ +∇[µt¯λ ρν] −
1
18
εσµνρT˚
λS¯σ +
1
4
ελ ωσ[ρ t˚
σ
1 µν]S¯
ω +
1
12
εσµνρW
λS¯σ , (100)
R¯[µν] =
1
12
ελ σµν∇λS¯σ + 1
2
∇λ t¯λ µν , (101)
where the parts S¯µ and t¯
λ
µν coincide with the axial and tensor components of Eqs (74) and (76) particularized for
the solution (i.e. S˚µ = t˚
λ
2 µν = 0 for the solution). Thus, the antisymmetrized curvature tensor is expressed as the
sum of a degenerate homothetic component related to nonmetricity and a dynamical contribution governed by the
previous parts of torsion, as expected. Furthermore, it satisfies the following Proca-like equation
∇λR˜λ [ρµν] − w T[ρµν] = 0 . (102)
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The existence of a dynamical axial mode of torsion in the solution is especially relevant, since this is the unique
component implicated in the interaction with Dirac fields, according to the minimal coupling principle [30, 31].
Furthermore, the inclusion of a nontrivialWeyl vector involves an additional isotropic change in the volume of dilational
test bodies, which enables an extended description of the dynamical effects caused by these post-Riemannian quantities
in terms of the corresponding multipole moments of such deformable test bodies with microstructure [32, 33]. In any
case, as is shown, the dynamical character of torsion and nonmetricity is induced on the metric and coframe forms
by the field equations and thereby they can also operate on the geodesic motion of ordinary matter via the Levi-
Civita connection. In this sense, the performance of new phenomenological analyses following these lines is especially
desirable for the design of future tests of gravity beyond the Einstein’s framework [34, 35].
On the other hand, as mentioned previously, the fulfillment of the Maxwell’s equations of the electromagnetic field
trivially leads to a simple generalization of the solution when considering both Coulomb electric and magnetic charges
qe and qm, but also a nonvanishing cosmological constant Λ in the gravitational action, by replacing the metric
function as follows
Ψ(r) = 1− 2m
r
+
d1κ
2
s − 4e1κ2d + q2e + q2m
r2
+
Λ
3
r2 . (103)
This is the most important result of this work since we have found a new exact black hole solution in this metric-affine
theory of gravity with independent spin and dilaton charges.
V. CONCLUSIONS
In the present work, we propose a gravitational model based on Weyl-Cartan geometry containing the minimal
deviations from GR which enable an independent behaviour for the torsion and nonmetricity tensors to be displayed
in a consistent way. Accordingly, the model allows the existence of a black hole solution provided by Coulomb-like
potentials for the dynamical components of torsion and nonmetricity, which constitutes a fully relativistic configu-
ration with independent dynamical torsion and nonmetricity fields (i.e. beyond the well-known black hole solutions
provided by the triplet ansatz and other similar constraints in the framework of MAG). In this sense, the present
solution shows similarities among the torsion and nonmetricity parts of the previous solutions as well as with the
electromagnetic field, even though they constitute independent quantities. The presence of a nontrivial axial mode
that propagates in a reasonable way at large distances is especially relevant since this is the unique component of the
torsion tensor implicated in the interaction with Dirac fields, according to the minimal coupling principle, and enables
the development of future phenomenological tests of strong gravity beyond the Einstein’s framework. Furthermore,
the combined dynamical effects induced by torsion and nonmetricity in the metric tensor itself are expected to play
a crucial role in the achievement of a full post-Riemannian description of the quasinormal modes of gravitational
waves emitted by the mergers of compact objects, such as neutron stars or black holes with torsion and nonmetric-
ity, in virtue of the intrinsic relation between the underlying axial and polar perturbations and the structure of the
background space-time [36–39].
It is also worthwhile to stress some other natural generalizations of these results, such as the search of the rotating
counterpart of the present black hole solution in an axisymmetric space-time and/or the inclusion of shear charges into
the dynamical scheme. In addition, a large class of studies on the possible implications of the torsion and nonmetricity
fields at cosmological scales have also been carried out by many authors with promising results, such as the avoidance
of initial singularities, the generation of inflationary and late-time acceleration phases in the evolution of the Universe,
or new dark matter gravitational interactions, among others [40–46]. The search of new cosmological configurations
defined in the metric-affine geometry of the present model is also relevant to analyse the behaviour of the torsion and
nonmetricity fields, especially in early stages of the universe. Further research following these lines of study will be
addressed in future works.
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Appendix A: Table with the list of conventions
R˜λρµν Curvature tensor with general affine connection
Rλρµν Curvature tensor with Levi-Civita connection
R¯λρµν Propagating mode of the curvature tensor
R˚λρµν Non-propagating mode of the curvaure tensor
Γ˜λµν General affine connection
Γλµν Levi-Civita connection
∇˜µ Covariant derivative with respect to the general affine connection
∇µ Covariant derivative with respect to the Levi-Civita connection
ωa bν Anholonomic general affine connection
gab Anholonomic metric tensor
eaµ Tetrad field
T λµν ≡ 2Γ˜
λ
[µν] Torsion tensor
Tµ ≡ T
λ
µλ Vector part of torsion
Sµ ≡ ǫµλρνT
λρν Axial part of torsion
tλµν Tensor part of torsion
T¯µ, S¯µ, t¯
λ
µν Dynamical vector, axial and tensor parts of torsion
T˚µ, S˚µ, t˚
λ
µν Non-propagating vector, axial and tensor parts of torsion
Qλµν ≡ ∇˜λgµν Nonmetricity tensor
Wµ ≡
1
4
Qµλ
λ Weyl vector
R˜µν ≡ R˜
λ
µλν Ricci tensor with general affine connection
Rµν ≡ R
λ
µλν Ricci tensor with Levi-Civita connection
Rˆµν ≡ R˜µ
λ
νλ Co-Ricci tensor with general affine connection
R˜λλµν Homothetic curvature tensor with general affine connection
R˜ ≡ R˜λρλρ Scalar curvature with general affine connection
R ≡ Rλρλρ Scalar curvature with Levi-Civita connection
G˜µν ≡ R˜µν −
1
2
R˜gµν Einstein tensor with general affine connection
Gµν ≡ Rµν −
1
2
Rgµν Einstein tensor with Levi-Civita connection
A(µν
λ
σ) Symmetrization of a tensor Aµν
λ
σ with respect to the covariant indices
A[µν
λ
σ] Antisymmetrization of a tensor Aµν
λ
σ with respect to the covariant indices
TABLE I: List of notational conventions.
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